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The analysis presented here is a second-order analysis of the resonant inter-
actions among triads of waves with wavelengths in the capillary-gravity and pure
capillary ranges. The analysis is not a power series perturbation analysis, and one
of the objects is the removal of the secularity which arises through power series
perturbations. It is further found that the interactions are energy-conserving
to the order considered here. Suitable modifications are made to accommodate
the inevitable viscous attenuation associated with these small wavelengths.
A start is made toward describing more completely the various spectra of random
seas in wave-number and frequency regions where these interactions are
dynamically significant.

1. Introduction

Several years ago, Phillips (1960) uncovered a mechanism for non-linear
resonant interaction between two or more trains of progressive gravity waves of
certain wave-numbers and directions on the surface of deep water. The analysis
of this phenomenon was somewhat extended by Longuet-Higgins (1962), but
both used essentially the same method, a perturbation analysis, in which the
variables of interest in the problem were expressed as power series in some small
parameter € being proportional to the wave slope. Through appropriate lineariza-
tion by collecting the coefficients of the various powers of ¢, both predict at the
third order (order ¢3) a linear growth in time of what they call a resonant tertiary
wave, and calculate a characteristic growth time which is proportional to the
(—2)-power of the geometric mean of the slopes of the primary waves. Phillips
in particular demonstrates that this resonance cannot occur at the second order
(order €2) for deep-water gravity waves, because it is impossible to find closed
triads of wave-number satisfying his condition for resonance, namely simul-
taneous solutions of the equations k; + k, +k; = 0 and o, + 0, £ 05 = 0 where
o; = (gk;)}, save for trivial configurations in which one of the wave-numbers
involved is zero. At third order, the resonance condition is among quadruplets of
wave-numbers and frequencies,ork; + k,+ k; +k, =0and o, + oy, + 03+ 0, = 0,
where again they assume o, = (gk,)%. Finding that there are indeed solutions to
these equations, they proceed with detailed analysesat thisorder, the results being
valid for some short time.

In the present work, it is found that if the effects of surface tension are con-
sidered as well as those of gravity, then with the wave-number frequency relation
written as o; = (gk; + Tk3)?, it is in fact possible to find certain triads of wave-
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numbers satisfying the resonance condition, as will be seen in the next section.
So for waves in the capillary-gravity range and in the pure capillary range, it is
possible that resonances can occur at the second order. The ensuing analysis of
the resonant interactions is not, however, a power series perturbation method
like those of Phillips and Longuet-Higgins; it is a different type of analysis for
which the method of ordering the terms is somewhat different from theirs. The
similarities lie in the assumptions of irrotational motion, infinite depth, and in
the manner in which the non-linear kinematic and dynamic boundary conditions
are approximated at the free surface. In both analyses, the boundary conditions
are expanded in a Taylor series about the equilibrium level of the undisturbed
free surface, but in the present analysis, it is only necessary to retain the first and
second terms in these series when the fundamental variables appear by them-
selves (from linear terms), and the first terms of the series when the variables
appear as quadratic terms or products of two linear terms (from the non-linear
terms). The various cubic terms and triple products are neglected, the results
being the same, of course, as if the boundary conditions were handled by a
perturbation scheme, retaining only terms in € and €2. The fundamental difference
between the two methods, however, is in the specification of the form of the free
surface. In the perturbation series, Longuet-Higgins (1962) expresses the free
surface §£(x,t) as

§ = (af1o+ fEor) + (%o + afEyy + B2Eps) + ...

from which the orders are apparent, and the interaction term is clearly identi-
fiable as §;;, which appears at the second order. The amplitudes of the first-order
terms £;, and &, are allowed to remain constant. In this paper, the free surface
at any time ¢ is composed of three waves, the wave-numbers and frequencies of
which satisfy the resonance condition for triads, and the amplitudes of which are
to be considered slowly varying functions of time, or

E(x,t) = a,(t)cos (k;. X — o t+¢€)
+ay(t) cos (ky. X — 0yt +65)
+ay(t) cos (ky. X — oot + €5).

In order to identify one of these components as a product of resonance as in the
preceding works, it will be supposed that at some time ¢, the amplitude of one of
the waves, say a,, is zero. This is not necessary, but it serves to clarify the analysis
somewhat. Note well that in this specification, no a priori mention is made of
the order of the components of the surface; in fact, it is impossible to identify
any of the three waves as being of second order (like the earlier £,;, say). Herein
lies the differences in the method of ordering. Accordingly, the component-a,
will not be called a resonant secondary wave; a,, a,, and a; will be considered to
be primary waves, since they all engage in growth to first order.

Through this analysis, it is shown that all three amplitudes vary periodically
with time, appearing as a slow modulation of the three waves present, the modula-
tion envelopes being given in terms of the Jacobian elliptic functions. There
is no restriction on the time for which these results are valid as there is for the
secular results of the perturbation solutions. In addition, it is shown that the
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total energy per unit surface area remains constant throughout the entire inter-
action, to second order. Since the wavelengths involved in these interactions are
small compared to the wavelengths of pure gravity waves, the preceding results
surely must be modified by the inevitable attenuation due to the influence of
molecular viscosity in a real water-wave system, and suitable modifications to
the analysis are made in § 5, by considering the action of viscosity to be a small
perturbation on the assumed irrotational motion. Even with these modifica-
tions, a fairly large range of wave-numbers is found for which the effects of the
interactions are profoundly significant.

While the results presented here are the first to show clearly the continuing
energy transfer among the various resonant modes, this is not the only important
reason for conducting this investigation. It may be expected that if the inter-
actions occur rapidly enough, they could be of considerable importance in helping
to explain some physically observable phenomena. The characteristic growth
time for these second-order resonances is proportional to the (— 1)-power of the
geometric mean of the wave slopes, which is much quicker than the afore-
mentioned tertiary characteristic times.

In the concluding section, it is shown that these interactions are of considerable
importance in the problem of the initial development of the sea by a turbulent
wind, and are equally important when considering the large wave-number details
of the frequency and wave-number spectra of a random sea. In fact, it is possible
to predict some kind of equilibrium range, or saturation range, for capillary-
gravity and capillary waves in a random sea, and though detailed investigations
of these questions are not yet made, indications of the significance of the inter-
action mechanisms are presented. It is suggested that further investigations of
random wave phenomena at large wave-numbers will be incomplete without
some accounting for these significant interactions.

Another reason, while not the primary one, but of no less importance, for
investigating these interactions is to attempt partially to resolve some recent
controversies on the resonance phenomenon. The perturbation analysis of
Phillips has been severely criticized by Tick (1961) and Pierson (1961). Their
chief criticism involves the interpretation of the linearly growing resonant
tertiary term, which they quite properly identify in the language of non-linear
mechanics as a secular term. They claim that this growth cannot occur for a long
time because it would require a supply of energy not previously accounted for,
whence they suggest that this wave can never become larger than third order.
They further suggest two methods for the removal of this secular trend. The first
(by Tick) is the use of the Krylov—Bogoliubov methods which were designed to
remove secularity by further perturbation of the frequencies or relative phases.
The second method, suggested by Pierson, is to include in the analysis terms
resulting from higher orders in the perturbation scheme, the results being more
or less equivalent to those obtained by the frequency perturbation procedure, at
least for small times. The object of both these methods is the same, that is, to
identify this secular term as the first term in a series expansion of an odd periodic
function (Pierson 1961, p. 188)., At the second order, it is found by the non-
perturbation analysis presented in this paper that this secular term is indeed the
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leading term in the series expansion for the Jacobian elliptic function sn, which
is the amplitude modulation function for the resonant wave. Furthermore, this
result is found without recourse to higher-order terms, and since the analysis is
of second order, it is not necessary to perturb the frequencies of the waves. The
amplitudes of all three waves involved are of the same order, so here two waves
can create a resonant wave which grows to the same order. (This maximum
amplitude could not have been predicted had this analysis been carried out as
a second-order perturbation analysis.) The energy required for this growth to
first order does come, of course, from the two initial waves; this is shown in detail
in a later section.

A further reason for this investigation is to shed some light on a curious singu-
larity that arises in a steady-state perturbation analysis of finite amplitude
one-dimensional gravity-capillary waves performed by Wilton (1915) and by
Pierson & Fife (1961). They find a singularity at certain wave-numbers which
results in infinite amplitudes of these critical modes. A re-interpretation in terms
of the present analysis shows that these modes are self-resonant, the fundamental
mode exchanging energy with its second harmonic in a periodic manner, both
modes remaining finite, and so helps to resolve a long-standing difficulty.

This analysis suggests the further course for the third-order problem. The
methods developed here can be applied to the third-order gravity wave problem,
with suitable modifications necessary to account for the second-order frequency
changes that appear from the inclusion of the third-order terms in the boundary
conditions. A start was made in this direction by Benney (1962), but he stopped
the analysis before considering the energies of the four interacting modes and
could not predict the suspected periodicity of the time varying amplitudes. The
algebra will be fearsome, the results rewarding.

2. The resonance conditions
Before investigating the dynamics of the interactions, it must first be deter-
mined whether or not there can be resonances at the second order. If two waves
with wave-numbers k, and k, are present at some time t,, the non-linear inter-
action between them will produce a wave with wave-number k,; such that
k; = k; + k,. This wave will have a frequency equal to the sum or difference
frequency o, + o,, where the + signs occur together. If this sum or difference
frequency is equal to o, the natural frequency of the k, wave, then the k; wave
is excited at its natural frequency, and resonance can occur. If we can find triads
satisfying this condition, then resonance is possible at the second order; if not,
the analysis must be extended to third order, seeking resonances among quadru-
plets, as done by Phillips (1960) and Longuet-Higgins (1962) in the problem of
purely gravity waves.
We therefore seek solutions to the following set of equations, hereafter called
the resonance conditions
k,+k, = +k,,
0110, =40, (1=1,2,3) (2.1)
0% = gle;+ Tk,
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with 7 = T'/p, T’ being the coefficient of surface tension. The third equation
of (2.1) with ¢ = 3 insures that the k, wave will indeed propagate as a free
wave.

Equations (2.1) are suitably normalized by setting K; = k,/k,,, n, = 0,/0,,,
where k,, = (g/T)* and o,, = (4g3/T)! are the wave-number and frequency corre-
sponding to the wave propagating at the minimum phase speed c,, = (49T )t
(~ 23-2cm/sec for water). The corresponding wavelength and frequency are
~ 1-7c¢m and 13-5 cycles per second. Then (2.1) becomes

K, +K, = £ K]
ny+ Ny = T Ny, (2= 1,2,3). (2.2)
n} = YK, + K.

Eliminating K, and the frequencies n; and setting cos 0 = K, .K,/K,; K,, where
0 is the angle of intersection of the initial waves, (2.2) becomes

8K2K3cos30+4(3K3K,+2K, K, + 3K, K3)cos?0
+2(1+4K2 4+ 4K3+ 3K 4+ 3K2+ 6K3K3) cos 0
—6+4K,K,— 6K K3+ 3K3 K, + 3K,K3 — 6K2 — 6K2

K1+K2+K2+Kg

= 0. 2.
KK, T KK %Y

—4{(K,+K3) (K, + K})}

For simplicity of calculation, plus signs are chosen wherever the + sign occurs
in (2.2), and all the results of this paper will concern ‘sum-type’ interactions.
There is no loss of generality in doing so, however, because ‘difference-type’
interactions arise by interchanging the roles of a pair of the waves.

Now, for fixed initial wave-numbers, (2.3) is a cubic in (cos ), and has at least
one real root.f However, the only configurations physically realizable are those
for which |cos 6| < 1. Suppose now that we fix K, = 1, say. Then for a sequence
of values of K,, the roots of (2.3) may be computed, yielding the angle of inter-
section 6 = 6(K,; K,). The results of these computations are shown in figure 1
for several fixed values of K, between 1 and 3. This is a polar co-ordinate plot of
the resonance angles # and wave-numbers K, for nine different fixed values of K.
The heavy lines labelled K, K, and K; demonstrate how this diagram is to be
used. Here K, = (1, 0), and K, was drawn along the line # = 60° terminating on
the curve labelled K, = 1. The line K, is the closure of the triangle satisfying the
resonance condition, indicating the magnitudes and directions of the wave-
numbers in the resonant triad. Figure 2 is the result of a similar type of calcula-
tion for the special symmetric case where the two initial wave-numbers are
equal in magnitude, showing the angle of intersection ¢ required for resonance.
Note that in all of the cases shown in figures 1 and 2, there is a minimum wave-

t By applying Descartes’ rule of signs, it can be shown that (2.3) has only one real
positive root.
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number K, for which resonance is possible. This is consistent with the earlier
result that resonances cannot occur for the smaller wave-number gravity waves
at this order, which was proved by Phillips (1960).
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Ficure 1. Solutions of the resonance condition.

For wave-numbers appreciably larger than £, gravity can be neglected in the
resonance conditions (2.1), yielding the following simpler resonance conditions
for pure capillary waves:

kitk, =1k, o,10,=+0,, (2.4)

where o2=Tk (=1,23).
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This reduces to the following cubic equation for the capillary resonance angle

k, k by k\2
3 12 {21, 22 g2 A4 72Y 6osf)
8cos®H+ (k2+k1> cos ¢9+6(k2+k1) cos

)4l ()
=63 (22} +4]{2 23 2.5
-3 (e ) o () + (i =2
Again only sum-type interactions need be considered. This is considerably

simpler than (2.3) because the initial wave-numbers &, and k, always appear in
a ratio, say k,/k, = . Figure 3 shows the solutions of (2.5) for « varying from
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Fi1cURE 2. The resonance angle 8,, = 2f for the equal wave-number case, k; = k,.
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F1cURE 3. Solutions of the pure capillary resonance condition for
various wave-number ratios a = ky/k;.
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1-0 to about 12. Note that for « = 1, the equal wave-number case, the solution
is cos @ = 25— 1 or 6 = 74-93°, which is consistent with figure 2 for large K. It
is remarkable that all these angles @ are around 75-80°.

3. The dynamical equations for resonant triads

Now that it has been established that resonance can indeed occur among
triads of waves, we proceed to investigate the dynamics of the interactions.
Choose a co-ordinate system such that the (, y)-plane corresponds to the undis-
turbed free surface and z is increasing vertically. Then z = £(x, ) is the equation
of the free surface, where x = (z,y). Suppose that three waves forming a resonant
triad are present; then we write the equation of the free surface as

E(x, 1) = ay(£) cos Yy +ay(f) cos Py + ay(t) cos i (3.1)

with ¥, = K, .x —0,t +¢;. The amplitudes a,(f) will be considered to be slowly
varying functions of time (which will be specified formally later), and the wave-
numbers have been chosen such that k, + Kk, = k;. The ¢; are phase angles, and
will be constants in this analysis.

Since the analysis is only carried to second order, and we are neglecting the
effects of molecular viscosity, we assume irrotational motion (see Phillips 1961)
and therefore the existence of a velocity potential ¢(x, z, ) satisfying

028

(V2+6—2) $=0 (3.2)

with V2 = 9?/éx? 4 0%/9y>. The velocity is given by
u(x,2,t) = (Vg, o¢/0z), (3.3)
where V is the two-dimensional operator
V = (9/ox, 0]dy).

When considering problems of surface waves, it is usual to suppose the
arbitrary function of time in Bernoulli’s equation to be merged in the value of
opjot.t We assume the pressure above the free surface to be zero, so the pressure
term in the Bernoulli equation will be that due to surface tension. Then the free
surface dynamic boundary condition is

p, o

£ 27 1,2 = 4
p+at+2u +gg O, (3 )

evaluated at z = £. Continuity of pressure across the free surface requires that
(I_’) __Tr [“E_@z(l +E9) +Ep(1+60) — 2§zygzgyjl
plep (L+ &+ ’

which to second order is (p/p), = — TVZE.
+ Lamb (1932, §227).
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Then (3.4) may be rewritten as
(0 ot); + yup + gE — TV = 0. (3.5)
The kinematic boundary condition is D§/Dt = wy, or

%, (V). (VE) — (%?)5 ~ 0. (3.6)

Now, taking D/Dt of (3.5) and subtracting g times (3.6) gives the following
combined boundary condition

(55 0% (%) a0
+ o, (‘Zj)g_T [(§t+u V) Vzg] (3.7)

This is the same as Longuet-Higgins’s equation (2.4) (1962) with the addition of
the surface tension term. Also, since the water is assumed to be deep, we require

u(x,z,t) = (V¢, %) -0 as z—>-—o0. (3.8)
A solution for ¢ satisfying (3.2), (3.5) and (3.8) will have the form

o(X,2,t) = %1 a,(t) er?sin iy + Z—Z a,(t) e¥2?sin yfr,
1 2

+% a,(t) €57 sin oy + O(ak)? (3.9)
3
to be consistent with the classical infinitesimal slope results, where the terms of
order (ak)? are precisely those which will be neglected in the ensuing analysis.
The combined boundary condition (3.7) may now be expanded in a Taylor
series about the undisturbed free surface z = 0 in the following manner. Terms
like (0%¢/0%), are expanded as

(50, () A2 LSS

This expansion is applied to all the terms in (3.7), and we keep only those terms
linear and quadratic in ¢ and § Regrouping these terms with the linear terms
on the left-hand side, we have the following combined boundary condition
correct to second order

2p o 2¢ o
GG T g VE= kg (G E)

2| ) + (5 )a (&) ]+2v0.900, @

where the terms are now to be evaluated at z = 0. Using (3.1) and (3.9) in (3.10),
we arrive at a rather long and complicated expression involving the amplitudes
a,;(t) and the various circular function arguments ¢, in different combinations.
This expression appears in full in the Appendix (equation A 1).
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The kinematic boundary condition (3.6) may also be expanded in a Taylor
series about z = 0 in the same manner as (3.7), giving

€ _0¢ _ 0%
% 7. = 5 (V9).(VE) (8.11)
evaluated atz = 0. Using (3.1) and (3.9)in (3.11), we arrive at another expression
involving the amplitudes a;, which also appears in full in the appendix (equation
A2).

Equations (A 1) and (A 2) may be greatly simplified by using the manoeuvres
which will now be outlined. Consider a term like sin ¥, cos ¢, which arises from
the right-hand sides of (3.10) and (3.11). Using simple trigonometric identities,
this can be written as

sin yr; cos ¥y = §sin (g + Vo) + §sin (¥ — ¥ry),

a combination of sum and difference terms which arise quite naturally from the
non-linear terms in the boundary conditions. Now

Uity = (K +Kp) . X— (0 +05)t+ 6+ 6.
Using the resonance conditions for sums,
Uit =K. X— 0ol +6,+6
=Y+,
Thus the phase angle y,; = €,+¢6,—¢;. Also, we have for differences
U=V = (K ~Ky). X~ (0, —0y)t +€,—¢€,
=K;.Xx—-03t+€,—¢€
= Y5+ 4,

Here, the phase angle d, = ¢, — €, ~¢,. Considering terms like sin i, cosyrg, we
get similarly
sin ¥, cosyry = — Fsin (Y5 +v,) + Ssin (Y5 + 8,).

The first term on the right-hand side arises from the sum resonances, the second
from differences. Thus each of the products arising from the non-linear terms for
which the arguments of the circular functions are different can be interpreted as
two terms, one of which is synchronization with the remaining wave of the triad
for sum resonances. The other represents a difference-type interaction.

Now consider terms like sini, cosyr,. This can be rewritten as §sin2iy,
a second harmonic. This propagates at a phase speed equal to that of the k, wave,
and can be interpreted as a second term in a Stokes type expansion for a single
finite amplitude wave.} The amplitudes of these ‘bound secondaries’ are always
proportional to the amplitudes of their respective primaries, the proportionality
being of order of wave slope, and their presence does not affect the phase speed
at this order. Since these bound secondaries are small and they do not participate
directly in the resonance, their effect will be neglected in the subsequent analysis.

+ See, for instance, Lamb (1932, §250).
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Along the same lines, when considering sum and difference interactions, we
can see immediately that if three waves satisfy the sum resonance condition
k, +k, = k;, the same physical configuration cannot satisfy the difference
resonance conditions simultaneously. Since we are considering only sum type
interactions in this paper, we can interpret the difference-type terms like
sin () + d3) as bound secondary products of interaction, their amplitudes being
of order of the geometric mean of the slopes times the geometric mean of the
amplitudes of the first-order components from which they arise. Since these
waves also do not participate directly in the resonance, their effects will be
neglected for the same reasons as the bound secondaries.

0

23

ka
03 k, -

012

¥

k,

F1gure 4. The geometry of the resonant triad configuration.

In the specification of the form of the free surface, the amplitudes a,(t) were
considered to be slowly varying functions of time, so a further simplification
arises by neglecting second time derivatives of the amplitudes. This requires
that d, < o%a; which will be quantitatively justified later. After application of
the above techniques to equations (A1) and (A 2), the only circular functions
remaining are those whose arguments are yr,, ¥, and ;, with phase differences
Y1, Y. and y,, respectively. It then remains to sort out the coefficients of like
harmonics, after which by some rather tedious algebra (A1) and (A 2) may be
combined to give the following three equations relating the coefficients of the

three harmonics: (3008 Yy = @y @y Byysin (Y§7 + 73)’]
dy COS Yy = @33 By38in (lﬁ(1+)+71)aJ‘ (3.12)
Ay COS Yy = @13 Bygsin (Y57 +v,).

The constants B depend on the geometry of the triad, and are given by

2 2 2 2
B o019 [kog ko5 of of
127 4o Plhyo, kyoy, 0y o 6w wh e
. ' k k3k,\ ]
—40'3s1n2%t912—Tcosﬁlz(—l-i-l—~i—1—3—2 ,
o, Ty, O o
1 2 1 2
2 2 2 2
B, = D%y |75 kaos Ko
B 402 Ploy, o, ko kyo,
BB Bk kBEk\
+40’20032%l913-Tcosﬁw(i‘——l—ig‘-i-—u ,
Os 0 O3 04
2 2 2 2
B.. = %2% [g’_z_ﬂs kao'l__kzo'l
23 = 2 M1
40% oy 0y kioy ko

kB k Kk, Bk
210 3t T3, 12
+40, 08210, — T cos Oy (0_3 v o + = )] (3.13)

(The angles 0,,, 0,; and 6,; are shown in figure 4.)
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For the coefficients of the circular functions to be non-trivial, we require that
Vs =72, But y;=¢,+€—¢€5 and v, = —€; — €3+ €5, Vo = —€; — €3+ €5, 80 then
Y1 = ¥y = — &7 Then (3.12) becomes simply

Gy = a,a,B,, 4y = —aya3B5;, dy = —a,a,B;. (3.14)

Before integrating this system of equations, a few comments are appropriate.
If the analysis had been carried out ab initio as a perturbation analysis in the
manner of Longuet-Higgins (1962), by writing ¢, £, and u as power series, then
the first of the equations (3.14) would arise as the coefficients of one of the quad-
ratic terms.t In his analysis, the amplitudes of the primaries, say a, and a, are
considered constants, and direct integration yields a, = a,a,B,,t. The obvious
objections to this are that the results of the interaction yield a resonant wave
which never stops growing, placing severe restriction on the time for which the
analysis is valid. This is more severe at the second order here than it is in the
previous third-order analyses since the growth is quicker at second order.
Furthermore, there is no way to predict the maximum amplitude to which this
resonant wave will grow. There can be no quarrel with the perturbation method
as an initial value problem, and the initial rates of growth are certainly correct.
The point of the argument is that when singularities such as these arise through
perturbation methods, some delicacy is required in interpreting the results
physically.

Finally, note the appearance of a; on the right-hand side of the last two equa-
tions of (3.14). Initially, or at time £,, this amplitude is zero, whence d, and d, are
both zero. These last two equations can never appear in a (second order) perturba-
tion analysis, which requires d, and d, to be zero for ever. It is the purpose of the
next section to investigate in detail the effects of these two equations.

4. The inviscid solution

Integration of the system (3.14) is straightforward. Let us suppose that
ay(ty) = dy, as(ty) = dy, as(ty) = 0. Now, multiplying the first of (3.14) by a,/B;,,
the second by a,/B,, and adding, we have

2 2
d ((11 +_C£3_) = 0,

dt \By, ' By,
which upon integration gives
o an By, a3
ay = ay —El—z 3—% (4 1)
Similarly, from the first and third of (3.14), we have
B a
2 _ 42121873 4.2
4= (152 ) 42

1 In fact, using Longuet-Higgins notation, if
¢ = agi+ Bpo+atpy+afp + Fdp+ ...,
£ = aby+ By + oty +afl + f2h+ s
then the coefficients of the (af) terms yield precisely d,;, = a,,ay, B;;, where a,, and g, are
the amplitudes of £,, and &;.
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Returning these two results to the first of (3.14) we have

dag 49 29 By, a3 By; a3
s et B it s 4,
(a) - s [ p2] -2 e
This integrates directly in terms of the Jacobian elliptic functions with real
parameter (the notation of Milne-Thomson 1950 will be used throughout), the
result being N

p]

as(t) = dy(Bo/Brs)tsn (E|m), (4.4a)
where E = d,(BiaBia)t (E—1y), (4.4b)
and the parameter m is defined by
m = Byyd}[B,d3. (4.4¢)
We shall assume that m < 1; if not, then use of Jacobi’s real transformationt
gives Qy(t) = iy (Bya/ Byg)¥ sn [Gy( By Byg)t (E—to) | m 1],

which simply interchanges the roles of ¢, and a,. Returning the solution (4.4) to
4.1)a 4.2 -
(4.1) and (4.2), we have ay(t) = d, dn (E|m) }

= (4.5)
ay(t) = dyen (E|m)

Now, if m =1, the Jacobian elliptic functions degenerate into hyperbolic
functions, or

a,(t) = dysech &, (4.6)

. (Biz = _ o (B 4 =
as(t) = d, (E;) tanh B = d, (E) tanh E.
This special case will be discussed later in more detail.

Equations (4.4) and (4.5) represent a system for which energy is shifted about
periodically among the three waves present, there being no restriction on the
time for which the solutions are valid. The following typical numerical example
is illustrative of the general character of the solution. Suppose

ky =k, =k, = 3-667 (cm)™!

The vaule of k; required for resonanceis ky = 6-725 (cm)~%, and the angle 8,, = 47°.
Then 0, = 0,5 = 23}°, and (B,,/B;3)% = 0-958, (B, B3)% = 100-3. Now suppose
d, = 0-687 mm, corresponding to a maximum slope of 0-252, and d, = 0-487 mm,
corresponding to a maximum slope of 0-178. Then

max |a;| = dy(Byg/By;)t = 0467 mm,

which corresponds to a maximum slope of 0-314 (or a maximum steepness of 1/10,
where steepness is 2a/A). Figure 5 shows the amplitudes plotted against the
number of periods of the k; wave. The parameter m = } for this case. Note in
particular that the two initial waves create through this resonant interaction
a wave whose slope becomes even greater than that of the initial waves, so the
interaction certainly does create a wave whoseslope grows above the second order.

t Milne-Thomson (1950), p. 19.
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Before going on to the degenerate case (4.6), it is enlightening to consider the
energy balance in this oscillatory system. The average energy per unit projected
surface area can be written as the sum of the kinetic and potential energies and
the energy due to the change of surface area in the following way:

s ][ (]

Pg T
+§Sf8§2ds+§fs[(l+V§.V§)%—l]ds}. (4.7)

a,ja,
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Ficure 5. The time dependence of the amplitudes of the waves in the resonant triad. For
this case, k, = k; = k,,, and d, = /2 d,. The interaction time 7T'; is approximately 87,
for this case, T'; being the period of the k;-wave.

Using (3.1) and (3.9) it is easy to show that to second order (i.e. neglecting terms
of order (slope)?), (4.7) becomes

p[v%a% o3a3 o%a%}
E@l)y =% + + . (4.8)
O=5% % T K

Now, returning to (3.14), multiplying the first equation by pa,c3/k,, the second
by pa,oi/k,, and the third by pa®o}/k, and adding, the result is

Bfi_ ofat o3a} oial] U:ZsBlz_U%Bza o3B3
2dt[ by TThy | TP T T T | 49
dE(t
or _JiQ = pa, (t) ay(t) as(t) A. (4.10)
Using the results (4.4) and (4.5) for the amplitudes, and writing
B(t)) = B = 3p(o1d3/k; + 0383/ ko),
(4.10) can be integrated giving
t)/E = 1+ A*sn2(E|m) (m < 1), (4.11)
or EWt)/E = 1+ A*tanh?E  (m = 1), (4.12)
* 0':%312_0'%323_ o3B3 (0'%323 03By,
where A ( % % % T + ,
08By , 03By3
= — . 4.
A / ( oy T (4.13)

Then [[E(t)—EE| < A*
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On purely physical grounds we expect that, since there is no energy input and
the effects of viscosity are neglected so far, the energy of the system must remain
constant, equal to E. This requires that the constant A* be identically zero for
all resonance configurations. Algebraic proof of this identity is desirable, mainly
to serve as a check on the algebraic coefficients B, but is a daunting undertaking
due to the complexity of the coefficients in all but the simplest configurations.
Therefore the number A* was computed for all the configurations shown in
figures 1 and 2. For the purposes of this computation, the cgs system of units
was used, with g = 980 and 7' = 72-88 (corresponding to water at 20 °C.) This
gives C,, = 23-12 cm/sec, k,, = 3:667 (cm)~1, and o, = 84-78rad/sec. In all of
the hundreds of calculations, the small departures of A* from zero can be
ascribed to truncation errors in the machine. Furthermore, several special cases
which lend themselves to particularly easy analytical calculation emphasize the
fact that A* is zero.

First, consider the case where k; = k, = k,,/+/2. Then the resonance condition
(2.3) becomes cos® 0, + 5 cos? 0, + 8 cos #;,— 14 = 0. Oneexactrootiscost,, =1,
the other two being the physically unrealistic complex conjugate pair — 3 +1,/5.
Therefore, 6, = 0,5 = 0,3 = 0, and ky = 2k;. Also 0, = 0, = 0,4/2, so from (3.13)
after some algebra, we see that B,, = B3 = B,y; = $0,k,. Then

A* = (0}— Lo} —o})/ol = 0.

Secondly, we consider wave-numbers large enough for the pure capillary
resonance condition (2.4) to hold, and investigate the case where o = 1, i.e.
k, = k,. The angle required for resonance (see §2) is 6, = cos—1 (2} —1) = 74-93°,
Then simple calculation shows that &, = 28k, and o, = 0, = 05/2. Then

By, = (27 %4+ 271222} g k = 0-0860,k,

and By = By = (27812828 _1) ok, = 0-1080, k,.
So By _ 2-% [1+2_§_2—%—2_§] = 2-%,
By 1-2-%192-3_9%
oiB,, 20%B oB
Th ®* 312 123 )] 23)
o A ( ka kl )/(2 kl
B
=281 1 =0.
B23

The two exact cases calculated above, together with the machine calculations,
while not a general proof of the identity A* = 0, lend strong support to its
validity. So the total energy per unit projected surface area in the resonant triad
remains constant, and equal to E. Therefore, in the inviscid case, the resonant
interactions are energy conserving; they simply redistribute energy among the
three modes in a periodic manner.

Writing poiai(t)
B\t = 2k, ’
we can plot the time history of the energy of the various interacting modes.
Figure 6 shows this for the same configuration as given in figure 5. The vertical
height of the shaded section represents the total energy contained in the &, mode

etc.,
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at any time. The portions above and below this section are the energies con-
tained in the %k, and %k; modes, respectively. During the initial period of inter-
action, the energy in k; increases at the expense of both %, and k,. Eventually,
the energy in the k, mode disappears, at which time the growing mode has
acquired its greatest energy. Then the direction of energy transfer is reversed;

]

1
? @
£
\ I
16 3R
T,

Figure 6. Time dependence of the energies of the various interacting modes for
the same configuration as Figure 5.

the k, and k, modes increase at the expense of the k; mode until the initial con-
figuration is reached again. The period of this energy transfer is

Ty = 2K(m) (d%B12B13)_%3

where K(m) is the complete elliptical integral of the first kind. Note also that the
energy in the k, mode never completely disappears, since dn (2|{m) > 0 form < 1.
For m = 1, dnu becomes sech % which — 0 as u— co. This is the degenerate case
described by (4.6).

It seems prudent that before investigating this case, a physical interpretation
of the parameter m be given in terms of the various rates of growth (or decay) in
the problem. Consider the second and third of (3.14).

dy = —ay5By, dy = —a,a3By;

Simple algebra gives the result

d (a\? |d [ay)? p P
alg) finG) = it = o

Therefore, m is the ratio of the fractional rate of growth (or decay) of the square
of the amplitude of the ., mode to that of the k, mode at any time. Or in other
words, m is the ratio of the effectiveness of the two initial waves in sharing in the
energy transfer mechanism; if m < 1, the k, mode can transfer energy into the
ks mode at a greater proportional rate than the k; mode can, explaining why (in
figure 6) the energy of the k; mode never disappears. This also justifies a previous
statement that m > 1 simply reverses the roles of the k; and k, modes. Note that
this is not an energy criterion, but rather an energy transfer rate criterion; the
wave containing initially the greatest energy is not necessarily the one which
never loses its energy completely.
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Now for m = 1, both initial waves play identical parts in the energy transfer,
losing energy at the same fractional rate. As a consequence, the energy transfer
is no longer periodic, but the system approaches an asymptotic configuration in
which the initial waves have disappeared, all of their energy having been fed into
the monotonically growing &, wave. The total energy, of course, is still constant,
the energy integral (4.12) applying in this case.

While it is not necessary for the two initial wavelengths to be equal in order to
generate this non-periodic interaction for which m = 1, investigation of this
configuration is analytically less complicated, and some results directly applic-
able to some observable physical phenomena can be obtained. If k; = k,, then
it is immediately obvious that o, = o, = 074/2, and ks = 2k, cosf, where
f = 6,3 = 0,3 and is half the angle 8,, required for resonance in figure 2. Then
from (4.13) with A* = 0, we see that

B3 = Byy = (cos f)~1By,. (4.15)
Then m = d2/d%, and the amplitudes are given by
ay(t) = d,;dn[d, By, (COS/@V% (t— to)lm]:
ay(t) = dyon [dle(cosﬂ)_% (t_to)lm], (4.16)

as(t) = dy (cos f)¥sn [d, By, (cos f)~% (¢ — to)|ml],
or for d, = d,

&
=
—
)
=
i

as(t) = dy sech [d, By, (cos ) (t—1y)) | (4.17)

ay(t) = d, (cos A} tanh [d, By, (cos f) 4 (t—t,)].

Figure 7 shows the values of the constants B. We can now calculate a typical
characteristic interaction time 7%, being (for (4.17)) the time required for the
growing wave to reach approximately 76 9, of its maximum amplitude. At this
time, the initial waves will have decayed to about 65 9%, of their initial amplitude.
This happens when 7} = 1/d, By, (cos #)~*. In terms of the number of elapsed
periods of the initial wave, this is

= y(k,) (d1k,) 7T, (4.18)

so we see that the interaction time is inversely proportional to the maximum
slope of the initial waves. Figure 8 shows &V; as a function of k, for initial waves
having a maximum slope of about 0-3, indicating that for steep waves, the inter-
actions are quite rapid at the second order. The slowly varying amplitude
approximation made in §3 should be examined. In order to neglect second
derivatives of amplitudes, we require that d <€ o%a. Using the solutions (4.17)

this means that @@ B2, (cos f) < 0%,
or, (G1k,)2 B3,/k20%cos f < 1. (4.19)
If we assume that the maximum slope is ~ 0-3, then for wave-numbers near k,,,

the inequality (4.19) is satisfied to about 2 orders of magnitude (10-2), whereas
21 Fluid Mech. 21
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FicurE 7. The constants By, and B, for the equal wave-number case. Forlarge &k, = k,,/4/2,
B,, = B,. For large k,, the pure capillary case, B,;/B,, = 23,
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Fioure 8. A comparison of the characteristic times involved in the interactions for the
equal wave-number case. k* is the wave-number for which the viscous effects are as
important as the effects of the interaction. Np, N,, Nyare measured in number of periods
of the initial waves.
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for the larger wave-number pure capillary case, the < sign can be interpreted
as about 3 orders of magnitude. The slowly varying approximation seems to be
good enough for the purposes of this second-order analysis.

5. The influence of molecular viscosity

While the results of the preceding section certainly demonstrate the mechanism
of these continuing periodic interactions, the application of these results to a real
water-wave problem would by no means be complete without some estimate
about the effects of molecular viscosity on the interaction. For the larger wave-
lengths involved in these interactions, say around 2-5 cm, the action of viscosity
to first order in the absence of resonant interactions is to attenuate the waves
exponentially as they progress. The time constant (2vk?)~! is about 75 periods
for the larger waves near k,, and considerably smaller for the smaller capillary
waves. This, however, is still considerably longer than the typical interaction
times given previously, and for a moderate range of wave-numbers, we might
consider the viscous effects as a small perturbation on the interaction.

In his (more complete) analysis of the viscous effects on finite amplitude waves,
Longuet-Higgins (1953) found that the fundamental second-order effects are the
presence of a small mass transport velocity in the regions near the physical
boundaries, and the presence of a second-order mean vorticity field, affecting the
mean motion to this order, but leaving the oscillatory properties unchanged.
Since we are considering the viscous action to be a small perturbation in this
particular estimate, the second-order effects found by Longuet-Higgins will be
neglected.

This estimate can be made in the following way. In the absence of inter-
actions, the amplitudes are given by

a;(t) = a,(to) exp [ — 2vki(t —1y)],

or d; = — 2vk3a,.t (5.1)
Since the characteristic time for viscous attenuation is longer than the inter-
action times, we may speculate that the viscous effects will be a small temporal
perturbation on the interacting system (3.14). By virtue of the form of (5.1), we
may simply add these attenuation terms onto the interaction terms as a first
approximation. Then (3.14) becomes

Gq = a0, B, — 2vkias,

G, = —aya3Byy — 2vk2a,, (5.2)

Gy = —a,03B,5— 2vkia,.

Before attempting to integrate this system of equations, it is enlightening to

consider the effects of the decay terms on the energy integral. Performing the
same set of manipulations that led to (4.9), we get

d (c3a} o0%a3 o2ad
L1y 22 D38 = 2a,a,a,A — dv(k, 0202 + kyoRad + kyodal).  (5.3)

d\k Tk k
T See Lamb (1932, § 348).
21.2
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But the inclusion of viscosity in no way alters the kinematic constant A (see
(4.9) and (4.10)), so we use a result of part 4¢ and set A = 0. The resulting equa-
tion is d (0}a? o3a} o%ad

s
But this equation is satisfied identically by (5.1), the viscous attenuation in the
absence of interaction, and the left-hand side of (5.4) is equal to (2/p)dE/dt.
Therefore, it may be concluded that to the order considered in this paper, the
decay rate of the total energy per unit projected surface area is exactly the same
as it would be if there were no interactions taking place at all. The difference must
appear at the third order or higher.

The above energy considerations suggest a possible method for the integration
of equations (5.2). Exact solution of this system is quite difficult and, as will be
shown later, turns out to be unnecessary for our purposes here. Since we are
considering the viscous effects to be small, their influence might be considered
to be a perturbation on the frequency of modulation of the amplitudes, as is
suggested by the non-linear asymptotic methods of Krylov—Bogoliubov—
Mitropolski.{ As a first approximation, we let

= —dv(k 0203 + kyo3ak+ ky03a3). (5.4)

ay(t) = dydn (y:(¢)|m) exp { — 2vk}(t —,)},
ay(t) = dyon (ya(t }m yexp{— 2vk3(t —t,)}, (5.5)
ag(t) = Go(Bra/Bys)tsn (xs(t)|m) exp { — 2vk3(t —¢,)},
where y;, ¥, and y, are all given in the first approximation as y; = ¥, = y; = &
(see (4.5)). Substitution of (5.5) into the first of (5.2) gives an equation for y,(¢)

of the form gy, jdt = ¢,(B,, Byy)} exp (2v(k3 — k2~ k3) (¢ —1,)}.

“

integration of which gives

., , © (Ty(t—t))1
Xs(t) = G1(By,By3)z (t—t,) [ 5::1 (JLnTO)J-] s (5.6)
with I'y = 2v(k2—k2—£k2). So as a second approximation for some small time,
we have Xs(t) = B+ v(k2 — k2 — k2) (t—ty) +...]. (5.7a)
Similar manipulations for y,; and y, give
Xolt) = B[l +v(k2—k2 k3 (¢ —t))+...]

Therefore, the apparent effects of viscosity are twofold: first, to produce an
exponential attenuation of the three interacting amplitudes of the same amount
that would be expected in the absence of interactions, and secondly, to modify
the periods of energy interchange among the interacting modes by some small
amount which will be discussed below. The amplitudes of the three modes may
now be written approximately as

ay(t) = d dn [B(1 +v(k2—kE— k) (¢ —1o) +...)|m] x exp { — 2vk3(t —~ t,)},
ax(t) = dyen [E(1 4 v(k§ — k§ — k) (o) +...) |m] x exp { — 2vk3(t — t,)},
() = dy(Byof Biy)¥ sn [E(L + v(k3 — k3 — k3) (£ — to) +...)|m]
x exp { — 2vk3(t —t,)}.
T See, for instance, Bogoliubov & Mitropolski (1961).

(5.8)
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Therefore, the amplitudes are no longer periodic in time as they were in the
inviscid case, but quasi-periodic, with their relative phases differing slowly in
time. In order to discuss the time scales of these phase changes, we again turn
to the symmetrical equal wave-number case (k, = k,) for obvious analytical
simplicity.

The addition of viscosity has introduced two kinds of time scales in addition
to the interaction time N; defined in the preceding section. The first kind is
connected with the viscous attenuation of the amplitudes, and may be related
to the time constant (2vk?)~—! appearing in the exponential terms. The smallest
of these times is that associated with the largest wave-number in the configura-
tion, k,, which is the most rapidly attenuated wave. Then 7, = (2vk?)~, or, in
terms of the number of periods of the initial waves, N, = oy/47vk3. For the
symmetrical case, with k;, = k, = k;/2 cos f,

0, (gk, + Tk}

B, = 167vk2 cos® B 167vk3 cos? B’ (5.9)

The other kind of characteristic time, a phase shift time, arises as follows: for
the symmetrical case, (5.8) may be rewritten

Z B12
a,(t) = d,dn [(Z—;Sﬂ—)—% (t—ty) {1 — 2vk3(1 + cos 2) (£ —t,)} ] m]
x exp { — 2vk3(t — &)},

4 ‘ CilB12 2
a,(t) = dycn [m (t—to) {1 —2vk2(1 + cos 28) (t —£4)} ] mJ (5.10)
x exp { — 2vk3(t —t,)},

a

ag(t) = dy(cos B)Esn [ﬁ (E—1£y) {1 + 2vk3 (cos 28) (t—£,)} , m]

x exp { — 2vk3(t —t,)}.)

So a characteristic time for phase changes due to the action of viscosity is
Tp = {2vk3(1 + cos 28)}1, being the smaller of the two ‘time constants’ in the
quasi-periodic arguments of (5.10). This may also be written in terms of the
number of periods of the initial waves as

0 (gk, + Tk})

Np = 4mvk3(1 + cos 23) = Sﬂvk% cos? B’ (5.11)

Comparing this with (5.9), we see that N, = 2N,. The characteristic times
Np and N, are shown in figure 8. Notice that there is an appreciable range of
wave-numbers for which the interaction time is considerably smaller than the
viscous decay time, so we might draw the following conclusion. For a moderate
range of wave-numbers, say k,,/,/2 < k < k*, the effects of the resonant inter-
actions are considerably more important than the effects of viscosity. For the
quasi-periodic ay, the period of energy transfer is slowly decreasing with time,
while the rate at which energy is shifted in and out of @, and a, is slowly increasing
with time. But the time characteristic of this change is twice as long as that
characteristic of the viscous attenuation of the smallest wavelength present in
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the triad. If we restrict ourselves to times of this order, and wave-numbers of
this range, then the principal effect of viscosity is to attenuate the waves at the
same rate that they would be attenuated in the absence of resonant interaction,
and to gradually retard the rate of (or increase the period of) energy interchange.
Furthermore, the resonant interactions have no effect on the rate of decay of the
total energy to the order considered here. Itis certainly true that for times larger
than these and for wave-numbers greater than these, the perturbation type
analysis presented here fails, and we must then take recourse to a full second-
order analysis; however, for practical purposes, the analysis above is quite
sufficient, and indicates the general nature of the phenomenon.

6. Discussion and concluding remarks

It may seem curious that so much attention has been given to the equal wave-
length case in the preceding several sections. While the analysis is somewhat
simpler for this case, an important justification for this closer scrutiny is that this
case can arise quite naturally through previously studied physical phenomena.
It is the purpose of this concluding section to interpret the results of the capillary-
gravity interactions in the context of the problems of the creation and growth of
ocean waves, and the redistribution of energy in the various non-linear random
wave spectra.

The problem of the initial generation of waves by a turbulent wind passing
over a relatively undisturbed water surface has been investigated in some detail
by several authors, the modern approach being initiated by Phillips (1957), and
continued by Miles in several subsequent papers. In his 1962 paper, Miles
presents a review of the mechanisms proposed for the transfer of energy from
the wind, among which he includes the wind-wave resonance mechanism of
Phillips.

One of Miles’s principal reasons for suspecting that turbulent pressure fluctua-
tions acting alone are inadequate for the generation of short water waves is that
the fluctuations at such small wavelengths are relatively weak and that they are
convected downstream too rapidly to account for the straight crested waves that
are sometimes observed. He then proceeds to investigate in some numerical
detail the growth of short waves by a shear flow having a profile corresponding
to the mean flow in a turbulent boundary layer, a mechanism originally proposed
by Brooke Benjamin (1959). He suggests that the energy transfer from wind to
waves through the action of the viscous Reynolds stress is of considerable
importance. He presents graphically the typical growth rates as a function of
wavelength, using the friction velocity of the shear flow as a parameter.

The results of Miles’s calculations indicate that for wavelengths of the order
of 1-2 ecm, and for moderate wind speeds, typical growth times (time constants,
say) are of the order of } to 1sec. In terms of the number of periods of the water
waves, then, the growth times due to energy input from the wind are of order
10 periods or greater. But from figure 8 it can be seen that typical interaction
times N, for wavelengths of this order are in the neighbourhood of 2 to 3 wave
periods of the initial waves, say, so that we may conclude that in this wave-
length range, at least, the resonant interactions are a more efficient mechanism
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for the growth of certain wavelength waves than is the energy input from the
wind. This implies that the shortest waves can acquire energy more rapidly by
interaction than they can from the wind alone,.

Returning to Miles’s objections to the Phillips wind-wave resonance pheno-
menon, it should be noted that while the results of the present paper certainly
cannot account for the dynamics of the energy interchange between the turbulent
pressure fluctuations and the waves, they can account for the occasional appear-
ance of straight-crested waves travelling with the wind. Phillips (1957) proposed
that turbulent pressure fluctuations of eddy size ;! (measured in the direction
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Ficure 9. The critical convection speed U,p for which the two resonance conditions are
satisfied simultaneously.

of the wind) being convected downstream by the wind with a convection velocity
U, can result in a resonant growth of water waves of wave-number £, travelling
in thomboidal patterns oblique to the wind. In that case the angle o between
the normals to the wave crests in the direction of propagation and the direction
of the wind is given by the expression |a| = sec™({],/C}), C; being the phase
velocity of the generated waves. Now, for certain values of the convection
velocity U, it is possible for the wind-wave resonance angle o to be identical to
the wave-wave resonance angle £ defined in a previous section for the equal wave-
number case. Denoting this critical convection velocity by Uyg, then we find
that Uap(ky) = Ci(ky) sec f(ky), p(k,) being determined from figure 2 as a function
of wave-number k, (8 = 16,,), and C, being equal to o,/k; = (g9/k,+Tk,)t.
Figure 9 shows the results of this calculation, giving the values of U, required
for simultaneous wind-wave resonance and wave-wave resonance.

For these particular configurations then, the following rough model suggests
itself for the time sequence of events in the initial generation of waves by wind
when the fwo resonance mechanisms are operating. Initially, the wind will raise
two waves of wave-number k, at angles + # to the wind. These waves, according
to the Phillips resonance mechanism, will grow linearly for some small time.
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Now, since the rates of growth for this mechanism depend critically on a detailed
knowledge of the turbulent flow field of the wind above the water, information
for which there is a remarkable (and quite unfortunate) scarcity, we can do no
better at this time than to assume that the rates of growth are those calculated
by Miles, just mentioned previously. Indeed this assumption cannot be too far
off; the one-dimensional wave propagating analysis of Brooke Benjamin and
Miles could be extended to two-dimensional propagation, although with con-
siderably greater analytical difficulty. The resulting rates should not be much
different since the same physical principles are involved. So let us assume for
the present that a typical time for these two waves to grow to appreciable
steepness is of order 10-20 periods or greater. These two waves interact to
produce a third wave of wave-number £, satisfying the resonance condition of § 2.
The growth rate of this resonant wave is proportional to the steepness of the
waves creating it, and the interaction time is of order 2-3 periods of the initial
(k,) waves, provided they are sufficiently steep. Since it was found that these
resonant interactions are energy conserving, the energy of the &, wave must
appear at the expense of the k;, waves, tending to diminish their amplitudes.
But the rate at which energy is drained from the k; waves is in turn proportional
to their steepness, so in a short time an equilibrium steepness for the k, waves
can appear, for which the drain of energy to the &, wave by the resonant inter-
actions is precisely balanced by the input of energy to the &, wave from the wind.
Further energy input from the wind now appears directly in the k; wave, causing
it to grow until it breaks or finds some other wave with which to interact.
Increasing the rate of energy input at wave-numbers k; simply increases the
equilibrium steepness of the k; wave, up to a certain limit.

So we now see that energy input at wave-number %, can indeed produce a
so called ‘long crested’ wave travelling with the wind, this being precisely the &,
wave, which can grow to greater amplitude than the k; equilibrium amplitude.
If we now calculate the phase speed of this £, wave according to the relation
Cy = (g/ky+ Tky)?, we find coincidentally that this phase speed is exactly the same
as the value of the critical convection velocity Ugp required to create the ky waves
shown in figure 9. Furthermore, the convection velocity of turbulent eddies of
size k3 is less than the velocity Cy = Upp, due to the shape of the mean velocity
profile of the wind in the boundary layer above the water, so we have the
following curious situation. Eddies of size k;' are convected too slowly to
account for straight crested k, waves according to the Phillips scheme, and
eddies being convected at the correct speed required to create a long crested ks
wave are of the wrong size, being of order k7. This seemingly paradoxical situa-
tion is precisely part of Miles’s objection to Phillips resonant generation theory.
But we have just demonstrated that a combination of the Phillips theory and
the resonant interaction theory of this paper can indeed create a straight crested
wave in this apparently wrong situation, thereby partially removing Miles’s
objections, at least for these types of configuration. So in this problem of wave
generation by the wind the effects of these significant resonant interactions must
also be included with the Phillips mechanism and the various Benjamin and Miles
mechanisms, at least in the initial development stages for small wavelengths.
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In terms of a random sea with appreciable large wave-number spectral content,
use of this rough model suggests that through this interaction mechanism, energy
appearing at some wave-number 4% can rapidly appear at a higher wave-
number £® say, and through further interaction between £® pairs, can appear
at even higher wave-numbers £, say, until a wave-number around k* is reached
(see figure 8), at which point viscous dissipation predominates over the inter-
action mechanism. Wave-numbers for which this energy cascade through second-
order resonant interaction isimportant are in the range k,,/ /2 < & < k*. In terms
of frequencies, 9 < f < 1400 cycles per second. This is slightly greater than two de-
cades in frequency, so we may infer that it is possible for the frequency spectra
of surface elevations to achieve some sort of statistical equilibrium at large
frequency through this cascading process, at least for some limited range of
frequencies.t Furthermore, since the angles involved in these resonances are less
than about 371°, we might expect the wave-number spectrum of surface eleva-
tions to exhibit $trong directional characteristics at very high wave-numbers in
a wind-blown sea. While it is not claimed here that the resonance mechanism is
the predominant one at work, and certainly it is not the only one, it must be
emphasized that in any investigation of the wave spectra at large wave-number
or frequency, the effects of these second-order resonant interactions must be included.

It is possible to extend the type of resonant analysis presented here to third
order simply by including higher-order terms in the two boundary conditions
(3.10) and (3.11). The resonance condition will then involve quadruples of wave-
numbers instead of triads. The algebra involved, however, would be prohibitive,
and in addition, several other complications would arise. In considering the total
energy, for instance, effects of the third-order terms must be included. Also, the
phase speeds of the various interacting modes would depend on the amplitudes,
the differences appearing due to the inclusion of the third-order terms.} This
effect would tend to drive the resonances out of phase, destroying the interaction.
However, based on the present analysis, the interaction times will be propor-
tional to (dk)~2, which is considerably larger than the secondary interaction
times of figure 8. So due to the weakness of these interactions, it is fairly safe to
assume that they are insignificant for this range of large wave-numbers.

The results of this work can also shed light on some curious results of Wilton
(1915) and Pierson & Fife (1961). They present a steady-state perturbation
analysis for finite amplitude gravity-capillary waves propagating in one dimen-
sion, choosing for their frame of reference a co-ordinate system moving with the
phase speed of the wave. With the elimination of time from their analysis, they
find a singularity in this steady-state system for a single wave,

k, = (9/2T)% = k, /2,
for which their perturbation scheme predicts infinite amplitudes. They eliminate
this singularity by writing a different form for the equation of the free surface,
including the second harmonic mode, namely 9 = a cos (g/27")2x + b cos 2(g/2T )3

Tt Note that for this kind of statistical equilibrium to occur, it is only necessary that
the characteristic interaction times be smaller than the characteristic growth times due
to the wind.

1 See Pierson & Fife (1961), p. 167, equation (15).



330 Lawrence F. McGoldrick

(their notation). They then show that both components here travel at the same
phase velocity, and to satisfy their requirement of steady-state periodic waves
they show that & = + 1a. But the second term on the right-hand side has wave-
number 2k, and since the phase velocities of both components are identical, the
frequency of the second component is twice that of the first. These wave-numbers
and frequencies satisfy the resonance condition given in the present work for the
equal wave-number case, and in fact k,, is the smallest wave-number for which
the equal wave-number resonance condition (k, = k,) is satisfied. We identify
both k, and k, with k,, and k, with 2k . The resonance angle £ in this case is zero
(see figure 2), or in other words, the propagation is in one dimension. Using the
results (4.16) with d,(cos 8)¥ = + 1d,, the parameter of the elliptic functions is ,
and the form of the free surface may be written as

E(x,t) = dl[dn( (a1k)0'1 ' )
+en (3(d, ky) oy (E— to) l Dlcos (kyx—o0,f)
+ 4, sn (§(d k) 01(E—b)[}) sin 2(ky 2 — o).
This is most easily interpreted as the interaction of a wave of wave-number
(9/2T)* with itself. This implies that when a breakdown of steady-state analysis
occurs, further analysis should include the time dependence of the phenomenon.
In conclusion, it has been shown through this new type of analysis that the
second-order resonant interactions are significant. Any investigation of small-
scale random water-wave phenomena must include the effects of these inter-
actions. Evidently, detailed experimental investigations of the wind-wave
problems and the various large wave-number spectra are urgently needed.
Without more data, little more intelligent progress can be made.
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Appendix
From the combined boundary condition (3.10) we get

3 ‘7
D {[% (d;—o%a )+gaiai+Tk%O'iai] sin ¥, + (Tk2 20 )a cos;ﬁl}

3
= ¥ {2a,d,0% cos yr, — [a;0(d;— o'}a,) + a}o kg — aiThio ] sinyr} cos

i1
3 3
2 3
+ E“El {[2a;a, (050}, —0;0% cosb,,) +a,a, Thio; cos O,
j=1k=
j*k

— ;0 (dy, — 0} ay) — ;0,0 kg sin g cos
+ 2a,d,[ (0} — 050, cos 0;,) cos r; cos iy — o0 sin i sin i ), (A1)

remembering that cos §;, = cos 0.



Resonant interactions among capillary-gravity waves 331

From the kinematic boundary condition (3.11) we get

3 3
S d;cosyr; =2 ¥ a?ok;sin i, cos
i=1 i=1
3 3
+ ¥ 3 a;a(0;k;+ o kjcos0y)sinycos . (A 2)
j=1k=1
ok

Here, use has been made of the relation o} = gk, + Tk3.
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